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THE BOSTON COLLOQUIUM.
ml = T(m + 1) =  I   er'tf'dz,
Jo
the series may be written
Joe                                   /»*>                                        /»<»
6-scto + x I   e~szdz + x2 I   e~zz2dz + • • •, t/O                        fc'O
the path of integration being the positive real axis. If, then, by a merely formal process, the sum of the integrals is replaced by the integral of the sum, we obtain
JCO e~z(l + xz •
dz,
or a function
(2)
in which
x)     J^   e ~F(zx)c F(zx) = j-^—-
The function thus derived is an improper integral which has a significance for all values of x except those which are real and positive. It can be shown also to be analytic for all except the excluded values of x. One of the simplest proofs is as a corollary of the following exceedingly fundamental theorem of ValUe-Poussin* which we shall have occasion to use again later: If in the proper integral
\ f(x,z)dz
«/a
the integrand is continuous in z and x for all values of z upon the path of integration and for all values of x within a region T; ify furthermore) for each of the above values of z it is analytic in x over the region T, the integral will also be an analytic function of x in the interior of T. By this theorem, if t is a point on the positive real axis,
er'dz
— zx
*Ann. de la Soc. Sclent, de JBruxelles, vol. 17 (1892-3), p. 323.arks that " Laguerre parait avoir le premier montre* nettement Futilite* qu'il peut y avoir & transformer une se'rie divergente ... en une fraction continue conver-gente." It seems almost to have escaped notice (see, however, p. 110 of Prings-heim's report, Encyklopadie der Math. Wissenschaften, I A 3), that Euler (Bibliography, No. 46 ) derived a continued fraction from the divergent series
